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Th e General Theory of Linear q-Difference Equations.* 

BY R. D. CARMICHAEL. 

Introduction. 

By means of a transformation of the form z = (m1x + m2)/(11X + ,U2), the 
system of functional equations 

i( 4 d) =j a (z)Hj(z) (i= . n), 

in the n unknown functions Hl(z), ...., Hn(z), may be transformed into the 
system of difference equations 

n 
Ga(x + 1) = 3 j(x)Gj(x) (i 1 . *n), 

.1=1 

or into the system of q-difference equations 
n 

Gj(qx) = S j(x)Gj(x) (i=1, .. , n), 
J=1 

according as the substitution z' = (az + b)/(cz + d) has one or two double points. 
To do this it is necessary to choose the transforming substitution so that i-n the 
first case the single double point is carried to infinity, and in the second case 
the two double points are carried to zero and to infinity respectively. 

The essential general properties of the solutions of linear difference equations 
are known.t 

The present paper is devoted to an investigation of the existence and prop- 
erties of solutions of linear' q-difference equations. 

In ? 1, for the case when I q I * 1, I prove the existence of two fundamental 
systems of solutions, one of simple character at infinity and the other of simple 

* Read before the American Mathematical Society (Chicago), April 28, 1911. 

t See the, papers by Carmichael and by Birkhoff in Transactions of the American Aath6matical Society, 
Vol. XII. References to the previouF literature of difference equations will be found in these papers. 
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148 CARMICHAEL: General Theory of Linear q-Difference Equations. 

character at zero. These two systems of solutions are analogous to the two 
systems of solutions of difference equations whose existence I pointed out at the 
close of my difference-equation paper (loc. cit., pp. 133-134). 

In ? 2 an investigation of the relations between these two fiundamental 
systems of solutions leads to a theory analogous to the interesting Birkhoff 
characterization of the solutions of a system of difference equations (see ?? 5 

and 7 of the paper already referred to). 
In ? 3 I consider the exceptional case when I q = 1. A method is given 

for obtaining fundamental systems of solutions in explicit finite form. 
Rev. F. H. Jackson* has given a treatment of some questions connected 

with q-difference equations. Reference should also be made to some of the 
general theorems on functional equations due to A. Gr6vy t and L. Leau, . from 
which some of the results of the present paper can be deduced. 

? I. Existence of two Fundamental Systems of Solutions when I q I * 1. 
n n 

Let G,(qX) = qaxa X 4(x) G (x) = q% E, BU(x) Gj(x) (i=1, *..., n) (1) 
j__ j=1 

be a system of n first-order linear homogeneous q-difference equatioins involving 
the n unknown functions G&(x), ...., Gn(x) of the complex variable x, the 
known quantities entering into the equation being defined as follows: 

1. a, fi, q are constants and I q * t 1. 
2. The functions 42(x) and B,(x) are single-valued and 

Aii(x) = A1g+ Av.-+l,x-I + A.....x....... (i, j = ,.. n) x1:w1- R, 
Bij(x) = Bij + B!- x + B11xR2 +... (, =1*---,n) | x|l=t 

3. The constants A4j and the constants B{j are such that the roots 
Al, .., A- and B1,...., Bn respectively of the characteristic equations at 
infinity and at zero, 

IAV-8 jpj=O?, jBj,-SADpj=O, = if i * j 
"1 if i=j, 

are finite and different from zero and verify the relations 

qbAep t Aj y qtBr - Bj n i (i, j = 1, .en; g o j), 

y being any positive or negative integer or zero. 

* AMERICAN JOURNAL OF MATH:EMATICS, Vol. XXXII, pp. 305-314. 

t Paris thesis, 1894. 

1 Paris thesis, 1897. 
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When the roots of a characteristic equation satisfy the given relations, we 
shall say that they are of simple character. 

By means of the transformations 

(A(z)= e76log q (n72 +n) Fi(X) = e 1l log q (-q +n) () (=1,..,n,(2 
G%(x) e= e = ) (i=1,.., n), (2) 

where n = log x/log q, system (1) may be replaced by two simpler systems, one 
of which has a = 0 and the other of which has 1 0. Making these substitu- 
tions and reducing, we have 

n 

Gj(qx) = 2 Av(x)Gj(x) ( t _1, . n), .(3) 

G,(qx) = ~ Bjj(x)G(x) (i= 1, .., n).. (4) 
,j=1 

For the sake-of simplicity in formula it is convenient to reduce (3) and (4) 
to normal forms valid in the neighborhood of infinity and of zero respectively. 
We begin with system (3). 

Let us put Gi(x) = E 
aiFj(x) (i = it ...., n), (5) 

j=1 

where a., i, j= 1, ...., n, are constants whose determinant Iav is different 
from zero. - Making this substitution in (3) and solving for F,(qx), i 1, ...., 

one may write the result in the form 
n 

F,(qx) =X Aj(x) Fj(x) (= 1, ...., n), 
J=1 

where the functions Aj(x), being linear combinations of the functions At(x) with 
constant coefficients, may be expanded in powers of x-' for j x 1 R. Froin the 
well-known theory of linear substitutions* and the fact that the roots of the 
characteristic equation at infinity are of simple character, it follows that a proper 
determination of the constants aoj will reduce the constant term in Aij(x) to zero 
when i j. The preceding system of equations may then be written in the 
form 

n 

F,(qx) = Ai F(x) + 2 (avx-1 + a4x-2 + .. )Fj(x) (6) 

(j=11n) llI'R. 

*Compare my difference-equation paper, loc. cit., pp. 126-127, where for a similar transformation the 

reduction is carried out in detail. 
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In order to remove the term in x-I from each of the non-diagonal coefficient 
functions of the second members, we may employ the transformation 

F(x) = FP(x) + X 2x F3(x), f=o0, (= = 1, ...-, n), (7) 
J=1 X 

where the constants g, i j, are to be determined. Clearly the determinant 
of the transformation is not identically zero. If we substitute the above values 
of Fi(x) in the precedinig system of equations, and in the result write only those 
terms which do not involve x7-2, x3, ...., we have, when I x 1? R, 

n 
F%(qx) + 2~ ~ Fj(qx) j=1 qx 

AF (x) + Aj 2 F(x j(x {+Fk() ] F 

= Ai + $f+ ..Fi (x) + 5 A) Ff; + .{ Fx)- (=1 ) 
j=1j 21 

where the accent in ' denotes that in the summation the term for which j = i 
is to be omitted. 

In order to solve these equations for EJ(qx), i = 1, ...., n, in terms of 
Fi(x), i=1, ...., n, we shall first find the cofactors of the determinant of the 
system, 

/ _ | vs 7+ =1+ terms inX-2 x-83 .x_ R. 
qx 

The cofactor Ai of the element in the i-th row and the j-th column has evidently 
no constant term, except when i equals j, when there is a constant term 1. 
The term in x-1 for i * j is clearly - fjilqx. For, if we cross out the i-th row 
and the j-th column of A, there remain n -- 2 elements with a constant term 1; 
and therefore the expansion of this minor can contain only one term in X1, 

namely, that term which contains all the n - 2 factors' 1 and whose remaining 
factor is not in the same rows or columns as these. Therefore this term is 
i gjilqx; and, since an even number of interchanges of rows and columns brings 
the elements g3u/qx and f3lj/qx to the place in the first row second column, and 
second row first column respectively, the negative sign must be chosen. In the 
cofactor Ai there is no term in x-1; for every term in the expansion containing 
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one factor x1 necessarily contains another. Hence the cofactors may be 
written 

4=- qx+ terms in x-2, x-3, .... (i *1); 

= 1 + terms in aF-, ... 

Solving the last system of equations by the aid of these cofactors, we 
readily obtain 

AF%(x) =(A~+ +a,, . F(X) + n, (qAj - Aj)131j + qaj ...Fix ,AF(qx) (Ai+ z z@j(x$+g)A-j)jqaj} 

(i 1, . - - t ? n). 

Since the roots of the characteristic equation at infinity are of simple character, 
it follows that it is always possible to determine 3,, i *j, so that (qA4 - Aj)gV 
+ qau = 0. If the values of j3, so determined are substituted in the preceding 
system and each of the equations is then divided by A, the result takes the 
form 

Fj(qx) Ai (+ x)+ XV( 2 + $12+ * F($) (8) 

(t=ls ,n) lzx R. 

It is now easy to see that by means of the transformation 

F%(x) =2 (X) + X Z -J(z), y=o, (i1, ...,n), (9) 

system (8) goes over into the form 
n 

]f,(qx) = (A, + a,, xz- + b,, x-2)fb(x) + 2 (C $x-3 + .. )(x) 
j=1 

(i n) lxl_R. 

By repeated use of transformations similar to (7) and (9), the exponent of x in 
the coefficients of the transformation being increased by unity at each step, it is 
clear that our system of equations may be reduced to 

n 

fi(qx) = (A, + Ax-1 +.. + A(8)x-8)fj(x) + X (di1x-8s- + .. )fj(x) (10) 

where , isanyon) ilxngR, 
where s is any positive integer. 
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By combining into one all the transformations thus far employed one 
readily proves that the change fromt (1) to (10) may be effected at once by a trans- 

formation of the type 

Gi(x) 
= etlg+ E 7t%i7( )f>(X) (i = 1,*@n), (1 1) 

where the 7ti ( 1) are polynomials in 1/x, the determinant of the transformation 

not being identically zero. 

In a similar way one may find polynomials Pij(x) in x -such that the trans- 
formation 

0 log q (-,2+-) 
n 

G%(x) = et E PU(x)g (x) (i = 1, .... , n) (12) 
*1=1 

is non-singgular and carries (1) over into 
n 

g%(qx) = (Bi + B'x +.... + B(zxO)g,(x) + E (ej3 Z + * .1 )gj(x) (13) 

(i- , ...,n) |x <r, 

where a is any positive integer. It is hardly necessary to remark that the forins 
of the various preliminary transformations here are what those of the preceding 
case become when 1 /x is replaced by x. 

If A = q-, it is easy to determine constants c, cl, ...., c(28) such that 

f(x) = x(1 + cfx-l +.... + c(s)x-s) 
verifies the equation 

f(qx) = (A + Alx-' + .... + A(s)x-8)f(x) + xz(c(s+l) x-8-1 +. . + c(2s) x-2s) 

Evidently this may be written 

f(qA)= +. ... + A()x + c(S+l) X81 ++... + c(2s)x8 )f(2 ) q2 f(x) 
((x) A + +Asx- 

1 + c'x-l' +....- + c(s3)x8s /()=q,%x 
( 

where A(x) has the constant term 1 and is analytic when I x I is greater than the 
greatest absolute value of a zero of 1 + c'x-c + . . + c(s) x-8. Consequently, if 

we write A = q-i, there exist functions X,(x) and a constant R greater than or 
equal to R such that system (10) may be written in the form 

n 

fq,(qx) - q'i(x)fq,(x) = + 
U(x)ffXx) (i= 1, ...., n), (14) 

Jw)1 

where each of the n 2+n functions 2j(x), Xi(x) is analytic for jx1lfi, the 
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expansion for ik.,(x) beginning with a term in x-8-1, and where the functions 
%(x) have each the constant term 1 and are such that for every i the equation 

fi()(qx) - q1-iS(X)ff'i(x)=0 
has a solution in the form 

f(')(x) 
= 

Ui(X) =x"(1 + c6x-' f.... + c4X-8). 

In a similar way it may be shown that if Bi=qm1 there exist functions 
l(x) and a constant r different from zero and equal to or less than r such that 
system (13) may be written in the form 

g~(qx) - qmi 4(X)gi(X) = S cpU(x)gj(x) (i=1, . ., n), (15) 
j=1 

where each of the n2 + n functions +(x), I(x) is analytic for x Z -, the ex- 
pansion for qd(x) beginning with a term in x;'+', and where the functions 4i(x) 
have each the constant term 1 and are such that for every i the equation 

g(' (qx) - qm' 4(x)g(')(X) = 0 
has a solution in the form 

gg'(x) = V7i(x) Xm' (1 + Cx +. + ()x;). 

Systems (14) and (15) are the normal forms of (1), the first being valid in the 
neighborhood of infinity and the second in the neighborhood of zero. To each of 
these normal forms the method of successive approximation is conveniently 
applicable. By means of this method we shall now prove the existence of a 
fundamental system of solutions of the equations in the normal formi (14). 

Consider the set of systems each of n linear equations, all except the first 
being non-homogeneous: 

f (t1)(qx) q- q'i2'(x)f?)(X) =0, 
n 

f(2)(qx) -qmjiX(x)f (2)(x)-2 (x)f5(x) 
j=1 (16) 
n 

f 3)(qx)- 
q=Xi(X) f ,,(X) n 

. . .. . . . . . .. . . . . . . . . . . . . . . .. . . . .* .. 

We have already found a solution Ui(x) of the first of these systenms of equations; 
we shall consider here the more general solution 

ui(x)= Ci(x) Ui(X) -C(x) x M(1 + cx-1+ ...8. + C(S)x8) (7 1 ) (1) 

where CG(x) is any function satisfying the functional equation Ci(qx) = Q(x). 
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All the other systems have the general non-homogeneous form 

h%(qx) - = %(x)h(x) =(x) (i = 1, ..., n), (18) 

only a single unknown function hi(x) entering into the i-th equation of the system 
i= 1,...., n. Two formal solutions are readily obtained as follows: Let 

hk(x) = Uj(x) hi(x) 

and substitute in the preceding equation. Dividing the result by 

UT(qx) = q'N2i(x) Ui(x), 
we have 

hi(qx) - k%(x) = ______ 

Uj(qx) 
a system with the two formal solutions 

h1(x) - v (qVX) h (x) = TJn(q vx) 
V.~o Uj(qv?x) ~ V=O Ui(q-va) 

Hence two formal solutions of (18) are 

hi(x) =- JU(x) , T +* hi(x) = Ui(x) " j(qx)* (19) 
1v'O v0 )Ui(q-vx) 

Either of these may be used to obtain a sequence of formal solutions of (16). 
It will turn out that one of these sequences will lead to a (convergent) solution 
and the other to a divergent formal solution of (14). The first leads to a (con- 
vergent) solution if I q I> 1, the second if I q < 1. As the reasoning is entirely 
similar in the two cases, it is sufficient to carry it out for one. We shall suppose 
that I q > 1 and shall therefore use the first formal solution (19). 

Employing the notation 
'O ~Ui(x) 

Szz(n) - 
(qvx) q X) 

and using for each system that particular formal solution which is obtained by 
adding the solution uj(x) of the homogeneous equation to the solution derived 
from the first equation (19), we have 

fI1)(x) ui(x), 
n 

f (2)(X) = U?(X) + SA(X %n 4, 

n n n 

ft )(x) ui(x) + SSi . %jui + Z 4S.J( _4jkUk) 1 
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By actual substitution one may readily verify that, a solution of system (14) is 
obtained in the limit functions (if they exist) of the sequences fl), fr) .(.. 

1, .... n; that is, in 

n ~ ~~n n 
f,(X) = UN(W) + Sxi(`4 4,i^) + Sx, S X Asj 4jkuk)Uk 

j=1 j_1 k=1 
n n n 

+ &[,%+g?sjSx %k8xk(+k%ubl)}]+ -.. (i= 1 .- ,n). (20) 
.j=1 k=1 1 

For a fixed j let us take Ci(x) = Aq,. We thus obtain a particular formal solution 
of (14), which we will denote by fU(x), i -1,...., n. Making this substitution 
for every j, we obtain the n particular formal solutions 

where 
f ~~~~~~~~~n 

f/(x) - & UJj(X) + Sxi,(,j U) + Sxi 5 ikSXk k Uj) 

n n 

+ [+ * [ - (i,j = 1, *., x -j) n). (21) 
k=1 1= 

There exist constants RI, My cl and C2 such that, for every i and], 

ql; (X ,I< Mlz I X1 el < I Uj(X)X-I < C2, Z-R- 

Then the convergence of all the series in (21) and of the series (21) itself for 
x f > R' will follow readily from similar convergence in the series 

-x 8+-g 
Mc s - g; n 

Jk 
_ 0 (22) 

where 
co ~~IUi(x)j 

V=O U(v+lI) I. 

We will suppose now that the arbitrary integer s has been chosen greater than 
twice the absolute value of any y. Considering the first term of (22), we have 

S (NC2 AJ> < MC2 C2 1 --X M0 = lXs-l2 
xi kz8+1-lt <V i (qvx)8+lIj 0* v=O c1qv(8+1-L.)1 - I, 

where q1 denotes the sum of the last written series-a series which converges, 
since s > t I l From this result it follows that the series x-'4 Sx4( j Uj) is 

uniformly convergent for I x j 
> RI and that its sum is less in absolute value than 

qI x -8-. Moreover, each term of the series is analytic for I x i > 
RI; and, since 

20 
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the series converges uniformly throughout the region, the sum is analytic in the 

same region. 

Taking the second term of (22) and using the result of the last paragraph, 
we have 

n 
MC Z8+ ivk (+l X, S 8lqSo~ nq, C2 

A'Xi *; k=i8 X+i k (A+1-1 < AYX{ qlx'~' I; =i()28+2iLi I C 

XiL |-28-2 j = e 
C 2 q1q2 x j-22 1, 

v-O C1 
I 

v(2s?+2-,.) 

where q2 denotes the sum of the last preceding series. From this we conclude 

that the third term in the series in (21) is in absolute value less than 

q1q2x I j, and that it is the product of xIj by a function which is analytic 
for IxIxR'. 

Continuing this process we reach the result that every term in (21) is the 
product of xAi by a function which is analytic for I x j _ RI, and that the series is 

term by term less in absolute value than the series 

c I + q1 I s-1 qq I XLk-28-2 I+ qlq2q3 I Xp3'-3 + (23) 
where 

co U.2 Mofn c 

v=O clI qv(8+-j X = C e Iqv(a+a-) =2 3,..... 

Since q2 q3 i -iS a decreasing sequence with the limit zero, it follows that 
series (23) converges when I x > 1. Hence there exists an RI', R>1,1 R A', 
such that the series obtained by multiplying (21) ternm by term by x-'j is uni- 

formly convergent and its terms are analytic for j x I 
> R". Hence all the functions 

x;-j(x;) i,j = 1, ...., n, defined by (21) are analytic for jxjhnA". 
Moreover, since the series in (21) is term by term less than the series (23), 

and since the limit as x approaches infinity of Uj(x)xZ- is 1, it follows that 

lim x-'if,(x) =i (i, j 1, ...., n). X = 0 

From this we see that the determinant of which the elements are fu(x) is not 

identically zero, and this is clearly a necessary and sufficient condition that 

the solutions ./ (x) are linearly independent in the sense that no solution is 

expressible linearly in terms of the others, the multipliers being functions 

satisfying the equation C(qx) = C(x). 
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If now we write 

GV (z~90(x) = e Y 
15 tik ( fkj(X), 0 = log x/log q, (i, j- = 1 ...., n), 

it is clear from (11) that we have n solutions 

G(00)(;x), G(00)(x), .... G(7(X)(x) (j 1,..,n) 
of equation (1). Furthermore, since the transformation (I1) is non-singular, it 
is evident that these solutions are linearly independent and constitute therefore 
a fundamental system of solutions of (1). On account of the properties of y%(x) 
it is clear that we may write 

logq(+n) (i 1, ...., 

where VT)(Z) is analytic in the neighborhood of infinity. 
If an expression of the above form for G^ )(x)' is substituted in (1), V(j)(x) 

being expanded as a power-series in l/x, and if the constants are determinied by 
direct reckoning, it will turn out that each of the n formal solutions obtained in 
this way is unique up to a constant multiplier. Consequently, if these constant 
multipliers are properly chosen, these formal solutions are the actual solutions 
whose existence has just been determined. 

This solution of (1) has been obtained by starting from the normal formn (14) 
and employing the method of successive approximation. Starting from (15) and 
working in a similar way, it may be shown that we have also a fundamental 
system of solutions 

G1()(x), G(j)(x), G **, G'J(x) (j 1, .., n) 

which may be written in the form 

G,(?) (x) =ey 0gX+ Xbwj(jO) (x) (tipj=ly.... n), 

where V(j)(x) is analytic in the neighborhood of infinity. and that this solution 
may be obtained by substituting in the equation as in the foregoing case and 
determining the constants in a direct way. The principal modification in the 
argument consists in using the second instead of the first formal solution (19) of 
the non-homogeneous equation (18). The discussion follows so closely along 
the lines of the preceding that it is unnecessary to repeat it. 

The argumnent above has been carried out on the assumption that I q > 1. 
If I q I < 1, the only essential modification of the argument consists in inter- 
changing the roles of the two formal solutions (19) of (18). In this case the 
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second should be used for solutions about infinity and the first for solutions 
about zero. The results as to the nature of the solutions at these points still 
remain valid. 

The nature of each of the functions of the two fundamental systems of 
solutions obtained above is so far determined only in the neighborhood of infinity 
and of zero respectively. In order to determine their nature outside of these 
regions, we work as follows: If we consider the first two members of (1) and 
solve for Gj(x) in terms of G,(qx), i=1, ...., n, we may write the result 
in the form 

n_ 

Gi(X) = -a X a iAti (qx) Gj (qx) (i =1, * ,n). (24) 
j=1 

Then from (1) itself and the preceding system, we have the relations 

n 
G,9(qx) = qaXa x Aik(X) Gk,(X) (i j =, , n), (25) 

k=l 

n 

G9j(x) = -ac A,k(q) Gkj(qx) (it = 1, ...., n), (26) 

where Gij(x) is to be identified with either Gi,j7)(x) or G?)(x). 
Let r1, r2, r3, .... be an infinite sequence of increasing numnbers such that 

r,:= qlIfr or rjj= I qI-1r, i =1, 2, ...., according as qj >1 or IqI < 1. 
Consider the infinite system of circles of radii rl, r2, r3, . ... and center at the 

origin, and assume that r1 has been so cho-sen that the first two of these circles 

lie within the region in which V(?)(x) is analytic. These circles divide the part 
of the plane external to the first one into an infinite system of circular rings, 
which we shall call fundamental regions. If we know the value of G() (x) at 

every point in one of these rings, we can compute its value at any point in the 
next larger by means of (25) if IqI >1, and by means of (26) if IqI < 1. 
From this fact it is easy to determine the position of the singularities of G()(x). 

If y = qtv, where t is any positive or negative integer (not zero), we shall say 
that Lt is externally or internally congruent to v according as jtI > ivI or 

I t I < I v 1. Excluding the points zero and infinity, we see that the remnaining 
singularities of each function G(?)(x) are all included in the set of points exter- 
nally congruent to the singularities of Aik (X) or of Aik (X), i, k=1 . . .. n, 

according as I q > 1 or I q I < 1. 
In a simnilar way it is readily shown that the singularities of each function 

Gj()(x), other than zero and infinity, are all included in the set of points inter- 
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nally congruent to the singularities of Aik(X) or of Aik(X), i, k = 1, ...., 

according as Iq >1 or Iql <1. 
Furthermore, if Aik(x), i, k = 1, ...., n, are rational functions, it is clear 

that the singularities (other than zero and infinity) of the functions in either 
solution consist entirely of poles. 

The principal results which we have obtained may be stated in the following 
theorem: 

THEOREM I. The system of q-difference equations (1) or (24) has two funda- 
mental systems of solutions of the forms 

- ~~~~"- xv'T7jo) (x), logxq lo(j (x) =e1g2 V{(X)Z) =logq (iJ = 1, ....,n) 

G,)(x) = emj V)(x() (i,j = 1, * * * *, 

where V},7o)(x) and V,(jO)(x) are analytic in the neighborhood of inflnity and of zero 
respectively. These solutions may be determined by substitution (a power-series being 
assumed for each of the ftnctions V) and direct reckoning out of constants. Besides 
the points zero and infinity, all the singularities of G6(,7 )(x) are included in the set of 
points internally congruent to the singularities of Aik(X) or of Aik(x), ik 4=1, ...., n, 
according as q > 1 or q < 1; and all the singularities of G, ,)(x) are included 
in the set of points externally congruent to the singularities of Aik(x) or of Aik(X), 

i, k 1,...., n, according as iql >1 or iql < 1. The general solution G%(x), 
i = 1, ...., n, may be written in either of the forms 

n n 
Gz(xMc) = GCX)(x) G,( )(x) = , QC(O)(x) Gi(x() (ix1, ....,n), 

j=1 j=1 

where the functions Cj(0) (x) and 0j0)(x), = 1, ...., n, satisfy the equation 
C(qx) = C(x) but are otherwise arbitrary. 

Further, if Aik(X), i, k1,...., n, are rational functions of x, the singularities 
(other than zero and infinity) of the functions in each of the two fundamental solutions 
consist entirely of poles. 

Let us now consider a single q-difference equation of the n-th order in the 
two forms 

H(qnX) + (q,nx) AlA(x) H(qn- X) + (qnx)a (qn-l x)aA2(x) (q-2x) (X27 

+ .... 
+ (qnX)a (qz)X)a (qX)a An(x) H(x) = O, 

and 
H(qn X) + (q,nx) Bi (x) H (qn-I x) + (qn x), (qn-1 X), B2(x) H (q'D-2 x) (28) 

+ .... + (qlb X) *.... (q2 X) (qx) Bn (x) H(x) = 0, 
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where the unknown quantities entering into the equation are defined as follows: 

1. a, j3, q are constants and Jq- *1. 

2. The functions A1(x) and Bj(x) are single-valued and 

Ai(x) = A,j + A' x-' + A1 X-2 + ... (o~1*EE*n) lxl >R, 
Bi(x) = Bi+Rx + BX2+(i=1. n) jxj?<r. 

3. The constants A, and the constants B, are such that the characteristic 
equations at infinity and at zero, 

pn + Apln-1 + A2 pn-2 + .... + An-lp + An = 0, (29) 

pn+Blpn- +B2pn-2+ +Bn-Ip+ Bn ?0, (30) 

have their respective roots al, .... an, and bl, .... bn of simple character. 
The transformations 

H (x) H(x), logx/logq, 

(Z 
l og q (-q2 + -q) v 

carry equations (27) and (28) respectively over into 

Hl(qfnx)+Al(x)H(qnl lX) + +A()n(x)IHi(x) =0, (31) 

_H'(qnx) + B1 (x) H (qn- x) + * + Bn (x) HI (x) = 0. (32) 
It is evident that these two equations are equivalent respectively to the 

two systems 

Hj(qx)=~ X 4Aj(x)t Hj(x), Hj(qx)= E[q_-(x) (i = 2, . ,n), .(33) 
j=l 

n 

H'(qx) I {Bj (xG) 
E 

j'(x), Hi'(qxG) = HL,1(x) (i 2 .... n), .(34) 
j=1 

where H,I(x) = H(x) and HJ'(x) = H'(x). The characteristic equation of (33) 
at infinity takes the form (29), and the characteristic equation of (34) at zero 
takes the form (30). 

Equations (33) and (34) are of the form (3) and (4) respectively and conse- 
quently the preceding di.scussion is applicable to the formier systems. Corre- 
sponding to the solved form (24) of (1) are analogous solved forms of (31) and 
(33) respectively; namely, 

1(x) + AI(x) H(qx) + A2(x) (q2X) + *.*.*+ An(x) H(qnx) = 0, (35) 
n 

1i(x) = ll4+ (qx), (i=1...., n - 1); En (x) = 4 -An-l (X) 11 (qx), (36) 

where the functions Af (x), i = 1, ...., n, are readily expressed in terms of the 
functions Ai (x), i =1, .. .., n. 
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If now we apply our previous results to the systems of equations and 
interpret them with reference to the single equation of the n-th order, we obtain 
the following theorem: 

THEOREM II. The n-th order q-difference equation (27), (28) or (35) has two 
fundamental systems of solutions of the forms 

H,(X (x)= ea log q (n2 +17) X92 Vi(X) (x) ) log X 
=1 Xn) 

18 logq (-q logx 

Hi(') (x) =e ?2 (X+)xIn V(?) (x) 1)=l -z.. n), 

where V,(0)(x) and V,(?)(x) are analytic in the neighborhood of infinity and of zero 
respectively. These solutions may be determined by substitution (a power-series being 
assumed for each of the functions V) and direct reckoning out of constants. Besides 
the points zero and i,nfinity, all the singularities of HI'l) (x) are included in the set of 
points internally congruent to the singularities of Ai (x) or of Ai (x), i= 1, ....,n 

according as I q I > 1 or I q I < 1; and all the singularities of Hlz(O) (x) are included 
in the set of points externally congruent to the singularities of Ai (x) or of Ai (x), 
i = 1, ...., n, according as Iq I > 1 or IqI < 1. The general solution H(x) may 
be wvritten in either of the forms 

n n 

H (x) (CJci))(x) Hj)(x) = QJCO)(x) Hj0((x), 

where the functions O(X) (x) and CJO) (x), j 1,...., n, satisfy the equation 
C(qx) = C(x) but are otherwise arbitrary. 

Futrther, if Ai (x), i 1, ...., n, are rational functions of x, the singularities 
(other than zero and infinity) of the functions in each of the two fundamental solutions 
conrsist entirely of poles. 

REMARK. In view of the preceding work it is obvious that the results of 
this section may be obtained by direct reckoning out of the solutions, by the 
power-series method suggested above, together with appropriate convergence 
proofs. Such a method, however, is not available in the case of difference 
equations. Consequently it has seemed best to employ the method of successive 
approximation (already used by me for difference equations), so as to develop 
the two parts of this general theory along the same lines and by the same 
methods. The matrix method used by Birkhoff for difference equations is also 
applicable to q-difference equations; it furnishes therefore a second single method 
by which both cases may be treated. 



162 CARMICHAEL: General Theory of Linear q-Difference Equations. 

? 2. Relations between the two Fundamental Solutions. 

The question of the relations existing between the two fundamental solutions 
of system (1) furnishes an interesting problem. It is clear that either of these 

solutions may be expressed in terms of the other. Thus we have 
n 

P) (x) = 2Cik (x) G,?) (x) (i,j = 1, . * * n) (37) 
kc=1 

Gj )(x) = i C,k (x) G ()(x) (i, j = 1. , n), (38) 
k=1 

where Cik (x) and C,k (x) are functions satisfying the equation C(qx) = C(x). 

Our problem reduces, thern, to that of the determination of the nature of these 
functions Cik (x) and CE,k(x). In the general case they are of a complicated 
character. But in the most interesting and important case, namely, that in which 
the coefficients of the original equation are polynomials (or even when they are 
merely rational functions), the result takes a simple and elegant form. 

We suppose that system (1), subject to the previously assigned conditions, 
is also such that it may be written in the form 

n 
Gi(qx) = Y; Pik(x) Gk(X) (i =1, ...., n), (39) 

k=l 

where the coefficients Pik(x) are polynomials in x of degree a or less. The 

constant d which enters into system (1) is in this case zero. 

According as I q I > 1 or I q < 1, the functions G(?)(x) or Gi(j)(x) are 
analytic except at zero and infinity. We will consider first the case in which 

I q I > 1. If (37) is solved for C(k(X), ik1, ...., n, in terms of Gi?(x) and 

Gij (x), it is readily seen that every function COk(X) is analytic except perhaps 
at zero, innnity, the singularities of G(jc)(x), and the zeros of the function 

detined by the- determinant I G( )(x) I. But on account of the properties of the 

functions Gt(0)(x) and of the form of the determinant (see Theorem I), it is clear 

that there exists a fundamental region (sufficiently remote from the origin) in 

which the functions Gi(j)(x), i, j 1 ...,n, have no singularity and the 

function I Gj()(x) I has no zero. Hence the functions Cik(X), i, k=1,...., n, 
are analytic in this fundamental region; and therefore they are analytic through. 
out the plane, except at zero and infinity. 

In case Iq <1, we may argue in a similar way to show that the functions 

Cik(X), i k= 1, .... , n, are analytic throughout the plane, except at zero and 

infinity. 
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It is clear that if the coefficients Pik(X) in (39) are restricted to be rational 
(but not necessarily polynomial), a discussion analogous to that in the foregoing 
case can be readily carried out. If I q >1, the functioils Cik(x), away from 
zero and infinity, will be'analytic except for poles; and if fqj < 1, the functions 
Cik(x) will have this property. 

These results may be stated in the following theorem: 
THEOREM III. Let a system of q-di.fference equations (1) be written in the form 

n 

Gi(qX) = E Pk(x) Gk(x) (i 1, . . .k,n) 
k=1 

and let the two 8imple fundamental solutions be connected by the relations 

Si; ($) Ctk(X) Gkj (x), Cik(qX)- = Cik(X) (,j ,*... ) 
k=l 

where r, s = 0, co or x, 0 according as Iqj > 1 or Iqj<1. Then: 
If the coefficients Pck(x) are polynomials in x, the functions Cik(x) are analytic 

except at zero and infinity; 
If the coefficients Pik(x) are rational in x, the functions Cik(x), away from zero 

and infinity, are analytic except for poles. 
An inverse to some of the preceding results may be stated in the form of 

the following theorem: 
THEOREM IV. Let Gij)(x) and Gj1)(x), i, j 1, ...., n, be two sets of n2 

single-valued functions which, away from zero and infinity, are analytic except for 
poles, and which have the property 

urn G0 (x)e 2 __ O 
x0M G l)(X)e'logq(7e+7,)-mX_ 

' 
- 0; mf- m>Fnteger,ij, 

lim Gff>(x)e~ x 1?g q (v+n) w-Fy= 7( I V)7$IX) I* 0; it-yj 
* integer, i * j, 

x =0Q 

where a and 3 are integers (positive, negative or zero), t = log x/log q, the two setS 
of functions being connected by the relations 

n 

G(? (x) E Ck(x) G)(x), Ck(qX) = Ck(X), (i, j, k = 1, *..., n). 

Then the two sets of functions G(O(x) and Gl7)(x) are the two simple fundamental 
solutions of a system of q-diference equations 

n 

Gj(qx) = - P,k(x) Gk(x) (i = n), 

in which the coeffients Pik(x) are rational in x. 
21 
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The proof of the theorem requires the determination of the existence and 
the properties of functions Pik(X) such that 

n 
G (qX) = Z P,k(x) G$J(x) (i, j=1, ...., n) , (40) 

k=ij 

n 
G(Q*)(qx) = Pik(x)G?7)(x) (i, j= 1, n). (41) 

Each of the two systems of equations may be solved for Pik(X). The two repre- 
sentations of Pik(X) must be consistent, in view of the relations connecting 

G(O(x) and Gt7)(x). From either of them it is clear that the functions P(k(x), 
away from zero and infinity, are single-valued and analytic except for poles. 

If (40) is solved for Pik(X) in terms of G()(x) and G$)(qx), i, j, k = 1, ...., n, 
and the limit for x = 0 is taken, then, in view of the first limit in the 
hypothesis of the theorem, we have 

= 0 Ptk(X) X V(O) 

where V(?) is the determinant with V(?) in the r-th row and 8-th columni and 

iV,'ik) 'is what I V(?) becomes when the k-th row is replaced by qm' V$>, 
j= 1, ...., n. From this it follows that Plk(x) has at x = 0 a zero of order ,3 
(or a pole of order - # if d. is negative). Furthermore, the q-difference 
equation has at zero the characteristic equation 

IV(ik)I 
IPik - kP =0, Pik - V ()I 

A direct reckoning will show that the roots of this equation are p = m. 
j=-, n. 

In like manner we may employ (41) and the second limit in the hypothesis 
of the theorem to show that Pik(x) has at infinity a pole of order ax (or a zero of 
order - ax if ax is negative) and that the roots of the characteristic equation at 
infinity are p = q*j, j= 1, ...., n. 

From the fact that Pik(X) is analytic except for poles we conclude that it is 
rational in x. From the characteristic equations at zero and infinity respectively, 
we conclude that the q-difference equation of the theorem has solutions of the 
requisite property at each of these points. This completes the demonstration 
of the theorem as stated. 
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?3., The Case when IqI= 1. 

When I q I = 1, the theory of the q-difference equation is essentially different 
from that when j q I* 1, previously considered. In treating the former we 
distinguish two cases, according as there is or is not a positive integer n such 
that qfl= 1. 

CASE I. We will suppose first that there exists no integer n such that qnf =1. 
That there is in this case in general no analytic solution (not identically zero) 
is easily seen from the-consideration of a first-order equation with constant 
coefficients: 

f(qx) = af (x), a> 1. 

We have evidently 

f(qax) = af(qM-1x) = a2f(q 2;x) .... = ajf(x). 

For any x it is clear that there exists an a, greater than any preassigned M 
and such that q x is less than any preassigned distance e from x. When f (x) 
is not equal to zero at the given point x the quotient of the functional values at 
qax and x, that is f(q x)/f(x), can therefore be made as large as one pleases, 
although qrx and x are separated by a less distance than e. Hence the equation 
f (qx) = af (x) has no continuous solution except f (x) 

- 0. 

CASE II. We will suppose now that q is a root of unity and that n is the 
least integer such that qfl = 1. In the present case it is more convenient to 
consider from the outset a single equation than a system of equations, for 
evidently any single equation of any order can be written in the form 

i1 (x) f (qx) + 42(x) )f (q2X) + * . + 4n (X)f (qnX) = 0. (42) 

That solutions (not identically zero) do not exist when the +'s are unrestricted 
is readily shown; for we have the following system of equations: 

' (x) f (qx) + 42 (x) f (q2x) + +4n,(X)f (qnX) =0, 

'kn(qx) f (qx) + 4/1 (qx) f (q2x) + + iP4-1 (qx) f (q x) = 0, 

41(q2x)f (qx) + '4'(q2X) f (q2X) + * -- 2 + (q 2X) )f(qrX) = 0, (43) 

.. .... .... .. . .... .... ... .... .... ....gg * - *... .. .. .* . 

q n-(q x) f (qx) + /3 (q nX) f (q 2X) + . * .. + 41 (qn'x) f (q nX) = 0. 
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This system is consistent only if its determinant is zero; that is, if 

,41 (X) '42 (X) * -a n (X) 

A~n (gaC) 1(qx) . * n-1 (qX) 

An- (q2 X) 44 (q2 X) * k*-2 (q2 X) o0 (44) 

4'2 (qn-l X) 4Y (qn-l X) _ _4i} (q n-l X) 

We therefore suppose that the coefficients 4A(x) are connected by the relation (44). 
So far the only restriction on q is that it is a primitive n-th root of unity. 

The numbers q, q2, q3, .... qn-l, qf are all the n-th roots of unity, and hence 
this set of powers contains the primitive n-th root of unity of smallest argument. 
Without loss of generality we may suppose that this root is q itself; and this 
we shall do. Then the points q, q2, ...., qn are situated on the unit circle at 
equal intervals, in such wise that in making a positive circuit along the circum- 
ference the points are encountered in the order written. If rays are drawn from 
the origin through these n points, the plane is divided into n equal sectors; and 
these we shall call a set of fundamental regions of the plane. If these rays are 
all rotated about the origin through the same angle, then in their new position 
they will define another set of fundamental regions. 

We have seen that a necessary condition for the existence of a solution 
(not identically zero) is that the determinant in (44) shall be of rank n-1 at 
most. We suppose in general that this determinant is of rank n -a, where ac 
is a number of the sequence 1, 2, .. . ., n-1. Then, among the quantities 

f (qx), f (q 8X), _* _ _, f (q nX), 

there is a set a in number in terms of which every other can be expressed 
linearly. Hetice there are a fundamental regions in which f(x) may be assigned 
at will; it is then determined throughout the entire plane. On account of this 
fact we shall say that the order of the equation is a. 

When the equation is of order 1, in accordance with this definition, there 
is a single relation among the coefficients; otherwise there is more than one. 
The general case is therefore that in which the order is 1. Since in this case 
a solution is determined when its value is assigned in a single fundamental 
region, it is clear that the most general solution is of the form C(x)f1(x), 
where fi (x) is any -particular solution (not identically -zero) and C(x) is an 
arbitrary function satisfying the equation C(qx)= C(x). 
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In the case of a first-order equation it is easy to obtain a particular solution 
in explicit finite form. The ordinary theory of linear algebraic equations applied 
to the system (43) yields us the values of the ratios 

f (qx) : f(2x)f: (qx); 

and hence we have an equation of the form 

f (qx) = (x) f (X) (45) 

where f (x) is the same as the f (x) in (42). To find a solution of this equation, 
we proceed thus: 

The product 
f (qx ) f (q x) f (qx) 

is unchanged by the substitution of qx for x; and hence its value is a function 
satisfying the relation C(qx) = C(x). Consequently there exists a particular 
solution fi (x) for which 

f1(qex)f(q, '1x) ...* f1(qx) 1 
But 

f1(q+'x) =i x(qS) f1 (q tx)). 

Making repeated substitutions from this formula into the preceding equation, 
we have 

4 -1 x) [r, (qn-2 x)]2.... [4 (qx)]ni [, (x)]n [fi ( )] 

Hence 
fI (x) = #(q-1 x) [^q (qn- 2x)]2 [4(qx)]n- [4 (x)]n -i/n 

is a particular solution of (45) and hence of (43); the general solution is 
C(x)f1(x), where C(x) satisfies the equation C(qx) = C(x) but is otherwise 
arbitrary. 

The above discussion suggests a general method for solving (42) when the 
rank of its determinant in (44) is n - a. In a form most convenient for this case 
the method may be described as follows: To any n-a independent equations 
of the set (43) adjoin other equations subject to the following conditions: 
1) The n equations of the resulting set are independent and consistent. 2) The 
left members of the a new equations are invariant under the substitution of qx 
for x. They are linear in f(qnx), ... , f($(). 3) The second members of these 
a equations are arbitrary functions of x satisfying the relation C(qx) = C(x). 
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One of the possible forms for these equations is 

% (qn- AX) f (qn- 'X) + .... + A% (qX) f (qX) + x (X) f (X) = C(X) 

where X (x) is any conveniently chosen function of x. 
If the system is solved algebraically for f (q$x), ....f (x), the resulting 

expression for f (x) will contain linearly a arbitrary functions which satisfy the 
equiation C(qx) =- (x). And hence this gives the general solution of (42), 
since it is of order a. 

In carrying out this process it is important to secure that the arbitrary 
functions shall enter into the solution independently; that is, in such way that 
they can not be combined in the solution into fewer functions of the same type. 

We shall illustrate the above method by a treatment of the special case 
in which q = = cube root of unity of least argument and a = 2. It is easy 
to show that the general equation for this case may be written in the form 

f (W)2 Xi=) + iv (X)ii ((C) f ((z) + )( (X) f (X) = O x (X) 4 ((X ) = 1. 

In accordance with our general method, if 4 (x) 0 1,* we may adjoin thes 
equations 

f(@2x) +f(@x) +f(x) = 
(x) 

a2Xf(&2PX) + Ca Xf(CX) +f(X) = C2(X) 

The value of f(x) is obtained algebraically from the last three equations. 

INDIANA UNIVERSITY, JTuy, 1911. 

* If * (x) 1, a fundamental system of solutions is 1 and x. 
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